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Regarding a dislocation as a row of weak scatterers, each having spherically symmetric po-
tential, a solution of the linearized Boltzmann equation in the presence of a set of parallel dis-
locations is obtained. The method consists of expanding the distribution function in terms of
spherical harmonics and, as developed here, it is exact for the monovalent metals. For poly-
valent metals there are additional contributions to the resistivity tensor which arise from the
diffraction peaks which occur when the electron wavelength is smaller than twice the interatom-
ic distance — these terms are estimated by the variational method. By allowing for other mech-
anisms (impurities) of scattering to be present, it is found that the dislocation resistivity pp de-
pends on the resistivity due to other mechanisms also. Numerical results for these deviations
from Matthiessen’s rule and for pp for randomly oriented dislocations in aluminum are obtained
by taking, after Harrison, the scatterers constituting the dislocations to be vacancies.

I. INTRODUCTION

This paper is mainly concerned with the problem
of solving the Boltzmann transport equation, and
hence calculating the electrical resistivity, for a
set of parallel dislocations treating each disloca-
tion to be a row of weak scatterers each having a
spherically symmetric potential. Such an investi-
gation is desirable for several reasons.

First, the preliminary investigation made by
Harrison! show that, though crude, the above mod-
el is not far from reality and it is of interest to
obtain a reliable estimate of the resistivity on its
basis. Parenthetically, it may be recalled that the
calculations, 2~ which consider the electron scat-
tering to arise primarily from the elastic strain
field associated with a dislocation, give values for

the resistivity which are at least an order of mag-
nitude smaller than the observed values. Second,
if our solution is extended to the case where the po-
tential due to the individual scatterers is allowed
to have radial asymmetry in the plane perpendicu-
lar to the row, the model would simulate the scat-
tering due to an exact arrangement of the ions near
the core of an edge dislocation.® Third, an exact
solution, if only for a simple model, is important
because it can be used as a guide to the reliability
of the various approximate procedures which have
been in use - or, if one wants to use the variation-
al technique, for constructing a suitable trial func-
tion.

The scattering probability of an electron due to
a dislocation is anisotropic, i.e., it depends not
only on the relative orientation of the incident and
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scattered wave vectors k and 1;’, respectively, but
also on k and k’ separately, Consequently, the to-
tal resistivity of a crystal, when other scattering
mechanisms are present, will, in general, not be
simply a sum of the resistivities due to the dislo-
cations and these mechanisms (violation of
Matthiessen’s rule in the present context). To in-
vestigate the deviations® from Matthiessen’s rule,
we include in our work scattering from other mech-
anisms also. However, for simplicity, we assume
the scattering from these to be elastic and to de-
pend only on the relative orientation of k and k'.

The method of solving the Boltzmann equation
(Sec. II) consists of expanding the electron distri-
bution function f in terms of spherical harmonics
and obtaining a difference equation for the coeffi-
cients f;, in the expansion. It is found that for the
model of the dislocation used here, the task of solv-
ing this difference equation reduces to solving a
finite number (usually of the order of 5) of linear
algebraic equations, if the number of Legendre
polynomials needed to represent the relevant pseu-
dopotential matrix elements in the dislocation scat-
tering and the scattering due to the other mecha-
nisms is finite — and it is reasonable to assume
that this will be so in a physical problem. Thus it
is possible to evaluate f, and hence the resistivity,
to any desired degree of accuracy with only a rea-
sonable amount of computation.

The method as described above is here developed
only for the monovalent metals, where the electron
wavelength is larger than twice the interatomic
distance. For polyvalent metals there are addi-
tional contributions to the resistivity tensor which
are estimated by the variational principle [see dis-
cussion following Eq. (11) and Sec. II]. The re-
sults of some numerical calculations on the resis-
tivity due to dislocations and the deviations from
Matthiessen’s rule are presented in Sec. IV. For
making the numerical calculations we have taken,
following Harrison, ! the scatterers constituting the
dislocations to be vacancies. The scattering due
to these vacancies was calculated from the pseudo-
potential approach.

Finally, in Sec. V, we make some comments on
the resistivity due to dislocations when they are
oriented at random and on comparison with experi-
ment.

II. BOLTZMANN EQUATION AND ITS SOLUTION

A. Boltzmann Equation

For the case of elastic scattering, the steady-
state linearized Boltzmann equation is given by

>, 0 >
—k—eﬁ (€- k) Zikk = E%fp(l?, k') (fp - fe) d%", (1)
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where € is the electric field; £ is the crystal vol-
ume; P(k,k’) is the probability, per unit time, of
the scattering of an electron from a state of wave
vector k to another state of wave vector E’; fz is
the distribution function of the elctrons; and fﬁo is
the equilibrium distribution function. It is assumed
that the energy surfaces are spherical in k space
so that £ (but not f; ) depends only on the magni-
tude of k. We shall also assume that the probabil-
ities P, (k,k’) and P,(k,k’) of scattering due to
dislocations and other mechanisms, respectively,
are additive. Thus P(K, k') is given by

Pk, k") =P,k k") +P,(K, k') . (2)

As mentioned before, P,(k, k') will be taken to de-
pend only on k-k’|. We setk’'-k=4, and will
write P,(&, k') as P,(g), where ¢=14|=2ksin36, 0
being the angle of scattering.

P, (K, k') is given by
> = 2 >
P, (k,k’):—hf |M, &, &2 5(E, - E) , (3)

where M, (§,K’) is the scattering matrix element
due to the dislocations and E, is the energy of an
electron of wave vector k. For our model, where
a dislocation is considered as a row of weak scat-
terers, the scattering matrix element due to one
dislocation is

(l/N)W(q)il exp[- ikva (cosa - cosp)] ,
r=0

where N is the total number of ions in the crystal;
a and 8 denote, respectively, the angles which K’
and kK make with the dislocation line; % is the num-
ber of individual scatterers in the line; a the dis-
tance between successive scatterers; and W (q)
their scattering form factor in the metal. [If these
scatterers are considered as vacancies in an other-
wise perfect crystal (no distortions), then W (g) is
just the negative of the form factor for the host
ions.] W (q) depends on the magnitude of d only
because of the assumed spherical symmetry of the
potential of the individual scatterers. If now there
are N, such dislocation lines in the crystal, all
parallel to one another but distributed at random in
space, then P,(&,k’) is given by

P, (K K="

sin®[3 nka (cosa - cosp)]
sin®[3 ka (cosa — cosB)]

6(E, — Ep) .(4)

The integral equation (1), with P, (k,k’) given by
(4), was considered by one of us” many years ago,
in connection with a calculation of change in resis-
tance when carbon atoms diffuse into dislocations
of a cold-worked iron-carbon alloy of low carbon
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content. It was shown there that (1) gives for f an
analytical expression in the closed form provided

W (g) and P,(g) are independent of the angle of scat-
tering 6. To solve the equation when W(g) and P,
(¢) depend on the angle of scattering, we proceed
here as follows.

Let the polar coordinates of K and K/, with the
polar axis along the dislocation line, be, respec-
tively, (%, 8,9) and (¢’ (=%), @, ¢). We expand f; and
f# in spherical harmonics Y,(8,9) and Y, ,(a, ¢),
and [W (¢)]? in terms of Legendre polynomials® P,
(cosf). Thus we write

f &) =fo(k)+%;lfz,u Yo (B8,9), )

F&")=f, &) +Z fuu Y@, 9)

(W (@)]2=2. C{V(k) P, (cosh) ®)
1=0

and recall that
Py (c080)= 571 L V1, 9) Vhn(ay ). (@)

In (5), the L summation is over all positive inte-

gers, excluding zero, and the M summation from

—L to L. We also write Eq. (1), for convenience,
as

=€ . 1o
o (@ k) o Dtz (8)
where
Q -
=g f P&, &) (f; - fo)d®%' ©)

and I, is similar integral with PI(E,E’) replaced by
Pz(q)-
Consider first I;. Substituting Eqs. (4)-(7) into
(9), and integrating over E,., one gets
[ = Qok’ <dEk>‘1 civ

N \dk ) G5y 21+1 FruYim (B 9)

<[ ¥ ta, 0 Sifie b=l

sin®[zka (0’ - w)]

X[Ypu (B, 9) = Yoyla, 9)ldo’dp, (10)

where w=cosfB, w’=cosa, and Q, denotes the vol-
ume per atom. For sufficiently large #n, the func-
tion sin’ny/sin’y behaves as a series of Dirac &
functions,

S2
sinny _ _ _
sj_nzy nﬂzma(y m’lT), m—o, :tl,:!:z, coe (11)

For monovalent metals, where the wavelength of
the Fermi electrons is larger than twice the inter-
atomic distance, kpa< 7 (¢ wave number at the
Fermi surface), and hence only the first term in
(11) contributes to the integral in (10). For poly-
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valent metals the terms m =+1 have also to be con-
sidered and their contribution to resistivity is es-
timated in Sec. III. Here we confine our attention
to the case kpa< m, for which Eq. (10), on using
(11), reduces to

Li=2 C; fruYou (B, D@10 (WP = [ @ ()P}, (12)

ILM
Here ®;, are defined by

®pulw)=@m2y,, (8, 9) e ™ =Ny PY (W),  (13)

where P} (w) are the associated Legendre polyno-
mials and N, are given by

(L—1m)N\*172
Npy = ((ZL +1) Crmnt (14)
The coefficients C; in (12) are given by
NpRRC{M (dEN
Ci= G D ? (ﬁ) ’ (15)

where Nj is the dislocation density and is equal to
(Ngna /).

To evaluate I;, we note that P, (¢g) has a form
similar to expression (3) for P, (&, E'), except that
the matrix element now depends on |k —k’l=g only.
Hence we can write

(Q/87%) B2 P, (K~K'I)ar’

=k23, C® (k) Py(cosh) . (16)
1=0
Using (7), one then obtains
Ia=§l (C(;'—CIL')fLM Yiu (3,¢) ’ (17)
where C;'=C'® am?/(21+1) . (18)
Finally, since
(_G;kl(l =€,sinp cosy+¢€, sinf sinp + €, cosB , (19)

we find, using Egs. (12), (17), and (19), that the
Boltzmann equation (8) reduces to

E (Cél— C},,)fLM Yiu (B, lp)+ Z C;fLM Yiu (/3: 4))
LM 1LM
X{[‘on (w)]z - [(PZM (w)]z} = E Almylm(B’ kb) ’ (20)

where m =0, +1, and
0

9
A== 2 5E G0V (e 7 i€,) -
9 0
Ap=-% Fr Gm)iite, .

Thus the problem of solving the Boltzmann equa-
tion may be reduced to one of solving Eq. (20) for
fru. For determining the electrical conductivity
we need, of course, to know only fig, fi,..

B. Difference Equation

Multiplying Eq. (20) by Y%.,. (8, ¥), integrating,
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and using the orthogonality property of the spheri-
cal harmonics, one sees that all f1, =0, unless M
=0 or +1, and that

fro=[Aw/(Cy"-C{)] 6.1 - (22)

Further, for f;., (n=+1), one obtains the set of
equations (L'=1,2,3,---)

A bpey= (C(;’ - C;,,')fL‘n +% f‘pL'x(w)
X2 fin @r1(@) CH{[@1(@)]? = [@yy (@) dw,  (23)
L1

where we have used the fact that ®;, (W)=, ().
Now let

Z;C;{[ @ (w)]z - [‘Pu (w)]z}

=y +a,w% + - - - ay, w20, (24)

0

where aq, a,, etc., are constants and [, is the de-
gree of highest Legendre polynomial occurring in
the expansion (6)of [W (¢)’. We shall assume that
I, is some finite number. We shall also need the
expansion

W PL (0)= 2 B PL,,, (o) (25)

r==n

where P} are associated Legendre polynomials for
M=1 and kL" %7 are constants, the sub- and super-
scripts being self-explanatory. The prime over
the summation sign means that the values of » for
which L +27< 0 (which would be the case for some
values of » if L <2n) are excluded from the sum.
From the definition of the 2’s and the normaliza-
tion properties of P} (w), one verifies that

al(L) kEPr = a(L - 20) kE 1ooe (26)
a relation which will be needed later. In (26)
a(L)=3N%,=(2L +1)/2L(L +1) . (27)

Substituting (24) and (25) into (23), integrating
over w, and making use of (13) and the relation

[ P (w) PL(w) dw=0y,../a(L), (28)

one obtains

Al‘néL'lz(C /- ,,)fL’ +(NL'1)-IZL: (folNLl)

xZ Z R 7 850 1oy (29)
n=0
Introducing, for brevity,
A{n =Ay; Nuy, fL’n =fra Np1, (30)
and interchanging the role of L’ and L, we can

write (29) as

10
AlyBs,1=(C3 = CLftn+ I, Sl 2o an
L n=

n
XZ'kﬁLtzr Or,L0e2r (31)

r
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or

A{n5L, 1=(C“ )an+Z Sreom,n

Z a kn,L+2m) . (32)

n-lml

A rearrangement enables one to rewrite (32) as

Afndy,1=(C' - C/ +ao)f 1y
10 7
+rZ-1a7(§: krl‘:,L-aani{an,r/) . (33)

Equation (33) is the required difference equation.
Written for L=1,2,3,..., it gives a set of linear
algebraic recursion relations for f7,. We see
from (33) that f/,, for even L, are neither coupled
to the applied electric field (A/,) nor to those f;,
for which L is odd. Hence f;, =0 (1 =%1), for all
even L,

Our next task is to solve Egqs. (33) for f;, for
odd L, or , at least, to cast these equations in a
form convenient for numerical work. For this
purpose suppose that the coefficients'C? and
hence C;', in the expansion (16) for P,(g) are non-
zero up to some finite value of L, say L,, and zero
thereafter. We choose L, to be an odd integer —
the reasonfor this choice will become evident pres-
ently. Then it is not difficult to verify by direct
substitution that f; given by®

fin=a(L) [(Byy +B1fin)I(L, 1)+ B5f35, I(L,3)
+Bsfan T(L,B)++ -+ Brof 1901 (L, Lo)] (34)

(L=1,3,5,...) isa solution of (33). In (34)
P (w)P ,(w)dw
I L ’ f L L
(Z,L9=)., 1+ +ywt+ - - v w0 (35)
and
Al cl a
B, =——in__ - —r - —r
I =Ch vay B C{+ay ’ Yr Cy' +aq - (36)

Writing (34) for L=1,3,... L, we get 3(Lg+ 1)
linear equations in as many f’’s. From these, f{,,
Fanyeon ’f£0" may be obtained. Once these f”g
are known, f7, for higher L may be evaluated
from (34) directly. (For the purpose of electrical
resistivity, of course, we need only f{,.) Thus
the number of equations to be solved depends on
the number L, of Legendre polynomials necessary
to adequately represent the angular dependence of
the impurity scattering probability Py(g). I L, is
not too large, as is usually the case, these equa-
tions can be numerically solved without undue la-
bor. The results of some numerical calculations
are presented in Sec. IV. Here we only note that
Egs. (34) are such, as will be clear from inspec-
tion, that f7, /B,, is independent of the index 7.
Hence, using (30) and (36), we set, for future con-
venience,



| =

fin=G(C', C'") Ay, , N =1 (37)

where C’ and C’/, respectively, stand for the sets
{ci, ci,---, ci tand{Cy',C{’, ., C}. The func-
tion G(C’, C’’) is independent of the index 7 and is

determined with the help of (34).

III. RESISTIVITY TENSOR AND SPECIAL CASES

In terms of the distribution function f, the elec-
tric current density J is given by

T=(e/an%) [ fz vy d% (38)

where v; (=7%7" grad; E) is the velocity of the elec-
tron of wave vector k. On substituting for f; from
(5) and using (22), (37), and (21), one obtains

J,=G@G,(C’,C") €, J,=@'GR(C',C")e,,
and J,=@1te, /(CY -Clp (39)

where @ = (31%:2/e?) (R%dE, /dk);* and F denotes
the value of the subscripted quantity at the Fermi
surface. The fact that a given component of J de-
pends only on the corresponding component of €
means that the axes we have used are the princi-
pal axes for the resistivity tensor. Hence the
principal resistivities are given by

Prx=Pyy= G’/GF (c’, ¢ y Pzz = G‘(C(;I - C{I)F . (40)

We see from (40) that the value of p,, is the
same as in the absence of the dislocations., This
result is to be expected for the monovalent metals,
where the Fermi wavelength of the electrons is
such that in scattering by a dislocation, the com-
ponent of the electron momentum along the dis-
location line (or the z axis) does not change [see
discussion following Eq. (11)]. Further, since
in the model we are using the dislocation line is
an axis of symmetry, we have p,,=p,,. The
three principal components of p,, the resistivity
due to the dislocations, are thus [(pp),=(0p)y,
etc. ]

(pp)3= 0, (PD)x,zza»D(c':C”) ’
D(c’,c')={[1/Gp (c',Cc')] - (Cs'=C{"p}. (41)

For brevity, we shall, at times, suppress the
subscripts 1,2 on pp.

In general, Gy (or D) depends on C’ and C'’ in
a complicated way and its value has to be obtained
from (34) numerically (see Sec. IV). Below, we
discuss two particular cases of interest where Gp
and D can be evaluated analytically in terms of C’
and C"’

Casel. C}=Cgd,, (i.e., the individual scatter-
ers constituting the dislocation scatter isotropi-
cally): For this case, the integrals I(L, L) =5,/
a(L). Hence D =a, which is equal to Cy when
other C; are zero. This is the same result as
that obtained by Bhatia, ” with the difference that
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to show this result we have not made any assump-
tion regarding C’’ while Bhatia assumed C;’'=Cg’
Xbpg.

Case Il .

(C{' +ay) »Cy for1=1,2...,1,. (42)
For this case we get

Du%f_i [P} () F (ag+aw?+ -+ a;,0?0)dw, (43)

where the correction terms are of order a,/(C¢’
+ag) with I=1,2,.... Using (24) and evaluating the
integrals, one obtains

D~-3%,Ci/1(21-1) (21+3)]. (44)

Substituting for C; from (15) and (6), one can then
show that (pp),,, for this case is given by’

031, 2= 8 [F[W@]2x% ax (45)

where the superscript < on p, signifies that (45)
is valid when the resistivity p; due to other mech-
anisms is much greater than p,,x =q/ky and

3CQEN, kL (@)-1 _9r¥(m*)2QE N
®=—8raZ \ak /) - sllmrL ' 46
where m* is the electron effective mass.

We may mention that the approximation (42) un-
der which (43), and hence (45), are derived is es-
sentially the same as that used by Mackenzie and
Sondheimer? for obtaining an expression for the
resistivity for their model of the dislocation.

We also note that when the inequalities (42) are
satisfied, the distribution function f of the elec-
trons is primarily determined by the electric field
and the scattering probability P,(q) due to other
mechanisms (which depends on the magnitude of
q only). Consequently, f is of the form of the
simplest trial function used in the calculation of
resistivity by the variational method (see, for ex-
ample, Ziman'!). Infact, as we shall see below,
the variational expression for the resistivity,
using the simplest trial function, givesjust (45),
for kpa <m, as it should. Since the variational ex-
pression gives for the resistivity values which are
greater than or equal to the true resistivity, it
follows that the true pp, will be less than that
given by (45) and that this difference will be the
greater, the smaller is the scattering probability
P,(g). Only in the limit when (42) are satisfied
is the true p, given by (45). These conclusions
are in agreement with the numerical results pre-
sented in Table I.

pp for polyvalent metals. Hitherto we have re-
stricted our discussion to monovalent metals for
which kpa< m. For polyvalent metals kpa lies
between 7 and 27, so that the m=x1 terms in the
expansion (11) also contribute to the integral in
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(10). An exact analysis similar to that given in
Sec. II is difficult for this case. However, as the
above discussion suggests, the principal resis-
tivities in the limit p; > pp may be obtained from
the variational expression for the resistivity using
the simplest trial function for the distribution
function f, namely, by taking f to be of the form
fR)=fo- alk- €) 8f,/9E,, where a is a constant.
The method for making such a calculation is stan-
dard and is described, for example, in Ref. 11.
Applied to our problem it gives, for r<kgpa<2m,

(o) z=03ﬁ W2(x)x2dx+2® [2 We(x) x%dx
' 0 2w/kFa
8B [
-~ oa? fzﬂ/kﬂ We(x)dx , (47)
o 1687 13 2
(03)s = T aP Joeinge We(x)dx . (48)

The last two terms in (47) and (p3); arise from

the m =+1 terms in the expansion (11) and are to
be put equal to zero for the monovalent metals.
We observe that in polyvalent metals a dislocation
contributes to the resistivity in the direction par-
allel to itself also. Ingeneral (py );may, however,
be expected to be at most a few percent of (p3);, 5.

IV. NUMERICAL RESULTS

The object of this section is to investigate how
pp changes as a function of p;/pp and thus esti-
mate deviations from Matthiessen’s rule. For
this purpose one should ideally choose to make
calculations for a monovalent metal since the
theory as developed in Sec. II applies to these
metals only. Unfortunately, for the monovalent
metals for which the dislocation resistivities are
experimentally known, namely, the noble metals,
the pseudopotential or effective potential matrix
elements W (g) are unreliable. We, therefore,
choose for our study the metal aluminum, since
W (q) for Al*® is known with some reliability. In
estimating deviations from Matthiessen’s rule,
we thus ignore the contribution to p, arising from
the polyvalency of aluminum. Hence, throughout
this section p, refers to (pp),,, as given by (41),
and (p3);,» as given by (45). [The difference be-
tween this expression for (p3);,, and that appro-
priate for Al, namely, (47), is about 20%.] p; in
our calculations was taken to be due to the im-
purities. The impurities we tried were Mg, Zn,
and Cd whose form factors in Al (host) were cal-
culated by Gupta. 2

Using the definitions of C; and C;’, we then have

NpQ%r [dE)™
Ci = "2ha® (dk’a I

Quck? (dE\*
cir= e (4B g, (49)

where c is the concentration of the impurities and
I; and I}’ are integrals given by

Il, = f:x[W(x)]z P, (1_%952) dx ,
I'= Fx[aw®)]2 P, (14 ) dx .

In (49) Wis the form factor of Al and AW the dif-
ference in the form factors of Al and the impurity
ion in Al.

Now D(C’, C'’), defined in (41), has the property
that

p(c’, ¢")=pD(C'/B,C""/B), (51)

where D(C’/B, C''/B) is obtained from D(C’, C*’)
by replacing all C; by C;/B and C}'by C}'/8, re-
spectively, and where B is a constant independent
of lor L. Hence, using (49), one has

(50)

92 -1
D(CI, C”): Ngﬁaoflf <£fllzk> D(I', ')’I“) , (52)
F

where
'y:CkFaz/(ﬂQoND). (53)

The parameter y determines the relative value of
the resistivity due to the dislocations and impuri-
ties: py/pp > vyI§/I;. Therefore, DUI’,yI'’) was
calculated for various values of ¥, from where one
may obtain p, for the various values of p;/pp,.
The number of integrals I’ used in the calculation
was six and that of 7'’ was ten (I, and L, equal to
five and nine, respectively). The results for D(I ‘
yI"') for various values of R=yI}'/I} are given in
Table I. The expression (44) which we recall,
corresponds to the limit R - », gives D=0. 0552,
We observe from the table that D increases

' progressively with increasing R so that p, in-

creases as more and more impurities are added,

TABLE I. Values of D(I’,yI’’) for various values of
R for dislocations in Al with Mg, Zn, and Cd as impuri-
ties. Here R=yI{'/I{ ~p;/pp, where p; is the resistiv-
ity due to impurities, and pp that due to dislocations.

, D in Ry?

R x(1.64) Mg 7n cd
0.0 0.0401 0.0401 0.0401
1.0 0.0468 0.0462 0.0472
2.0 0.0492 0.0486 0.0495
3.0 0.0504 0.0499 0.0507
4.0 0.0512 0.0507 0.0514
6.0 0.0522 0.0518 0.0523
8.0 0.0527 0.0524 0.0529

10.0 0.0531 0.0528 0.0532
12.0 0.0533 0.0531 0.0534
16.0 0.0537 0.0535 0.0538
20.0 0.0539 0.0538 0.0540
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in agreement with the comments made in Sec. III.
The two limiting values of p, are pp =0.72x10™°
XNp Q@cm®for R=0 and pp =1.0x10"°* N, Q cm®
for R— . At anygivenR, pp(R) - pp(R=0) is
the deviation from Matthiessen’s rule, and the
maximum deviation is 0. 28 x10"° N, Qcm® or
about 38% of p,(R=0).

V. RESISTIVITY DUE TO RANDOMLY ORIENTED
DISLOCATIONS AND DISCUSSION

In terms of p,,, P, =pP,y, the resistivity for
flow of current in a direction which makes an an-
gle ¥ with the dislocation lines (z axis) is given by
the ordinary tensorial rule

p=p,, cos?P+p,, sinZ . (54)

Hence the average resistivity of a specimen having
randomly oriented dislocation lines is {p),y, = 3 P,,
+2p,,, and since p,, =p; +(pp);, etc., the average
resistivity due to the dislocations is (R = p,/pp)

(Pp (RN =% [Pp (R)]3+5 [pp R)]4,2 . (55)
For R— «, (55) gives, using (47) and (48),
(P3) av =5 B [ Wlx)x?dx

5
2r/kFa

+ia W2 (x)x?dx. (56)

The second term in (56), which exists only for
polyvalent metals, is about 20% of the first term
for Al. Assuming that this polyvalency effect is
of similar magnitude at R =0 also, and using the
numerical values obtained in Sec. IV, one sees
that the two limiting values of {pp) ,, for aluminum
are (pp).,=0.58x1071° N, and 0.8x10°° N, Qcm® at
for R—~ 0 and R— «, respectively, compared to
the experimental value'® of 1.8x10™° N, Qcm? at
4, 2°K. This is, perhaps, as good an agreement
as can be expected in view of the crudeness of the
model of the dislocation used in the theory. In
this connection it is also relevant to calculate the
resistivity p, which the vacancies would produce
if they were distributed at random in the crystal.
Py is given by the standard formula which, in our
notation, is

2
_1e 8 L2 o (AE\T 2,3
Po=3C 3 Qo(dk>F A (W) BxPdx , (57)

where € (< 1) is the atomic concentration of the
vacancies. For €=0.01 and the form factor W{x)
used in the present work, the formula (57) gives
Po ~1.4%x107® Q cm, compared to the correspond-
ing experimental value' of 3.0x10"® Q@ cm. Thus
it appears that at least a part of the discrepancy

between our theoretical value and the experimen-
tal value for the dislocation resistivity is due to
the inadequacy of the form factor.

It will therefore be of interest to repeat the cal-
culations presented here using better estimates of
the scattering due to the core region of the dislo-
cations, and also to make calculations by using
the actual distribution of the atoms in a dislocation
such as that computed by Cotterill and Doyama. **
It is interesting to mention in this connection that
estimates corresponding to { pp),, for any model
of a dislocation can be made much more easily if
we note that expression (56) could have been de-
rived simply by first averaging the scattering prob-
ability P,(k, k’) due to the dislocations over all
orientations of the dislocations. Since the result-
ing average depends only on the angle of scatter-
ing, the problem of solving the Boltzmann equa-
tion becomes a trivial one. Our work shows that
such a procedure would give exact results!® if
p; »>pp, and overestimate the dislocation resis-
tivity by about 30 or 40% if p; < p,.

As regards the deviations from Matthiessen’s
rule, discussed in Sec. IV, it is of interest to
note that although our calculations are carried
out by taking other sources of resistivity to be im-
purities, similar results should be qualitatively
expected when the additional resistivity is due to
thermal vibrations. A glance at the Table I will
then show that in an extremely pure specimen, the
dislocation resistivity {pp, (R))a would at first rise
sharply as the temperature increased from zero,
due to the corresponding rise in p; or R(=~ p;/pp),
and would then gradually tend to an asymptotic
value of about 30 to 40% higher than {pj(0)),,.
Basinski et al.!” have observed such behavior in
noble metals, saturation occurring near liquid-
air temperatures. The ratio of the two limiting
values of the dislocation resistivity is 1. 6 for Cu,
1.8 for Ag, and 1. 3 for Au. Similar results have
been found by Rider and Foxon, '*!® namely, 1.6
for Al and 1. 3 for Cu. Unfortunately the residual
resistivity of the undeformed specimens is not re-
ported in these works so that the above qualitative
agreement'® between the theoretical and the ob-
served variation of {pp),, with temperature should
be regarded at present as suggestive rather than
conclusive.
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A complete set of coherent-state wave packets has been constructed for an electron in a uni-
form magnetic field. These states are nonspreading packets of minimum uncertainty that fol-
low the classical motion. Use was made of the ladder operators that generate all the eigen-
states of the Hamiltonian from any one energy eigenstate. The coherent states are the eigen-
states of the two ladder operators that annihilate the zero-angular-momentum ground state.
We have calculated the partition function, exploiting advantages of the coherent-state basis.
The Landau diamagnetism and the de Haas—van Alphen oscillations are contained in the coher-

ent-state framework.

I. INTRODUCTION

Coherent-state wave packets have received re-
newed attention since the recent article of Glau-
ber.! Much of this attention is due to the recog-

nition of their usefulness as a set of basis states
for the calculation of observable physical quan-

tities. 2 In addition, they have been of value in
the theoretical problem of the quantum-mechan-
ical definition of the phase of an oscillator.® The



